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В работе представлены краевые задачи теплопереноса (массопереноса) для пла-

стины, шара и цилиндра при равномерном начальном распределении температур в безраз-

мерных переменных. Целью настоящей работы является изложение принципов получения 

решений краевых задач для более общих граничных условий – условий третьего рода. В ходе 

преобразования Лапласа, по временной переменной Фурье, в работе показаны зависимости в 

области изображений для тел канонической формы: пластины, цилиндра и шара. Также 

приведены решения в области изображений и комплексных переменных. Указано, что для 

пластины граничные условия являются общими для задач теплопроводности и диффузии: 

при критерии Био, стремящемся к нулю, они переходят в условия второго рода, а при крите-

рии Био, стремящемся к бесконечности, переходят в условия первого рода. Для решения кра-

евых задач тепло- и массопереноса для области малых значений чисел Фурье в работе ука-

заны свойства гиперболических функций, в результате чего приведены окончательные реше-

ния линейных неоднородных дифференциальных уравнений второго порядка. В работе пред-

ставлены номограммы безразмерной температуры поверхности тела в зависимости от зна-

чений чисел Био и Фурье при конкретных значениях числа Био для поверхностей пластины, 

шара и цилиндра, которые позволяют с помощью простых геометрических операций иссле-

довать функциональные зависимости без громоздких вычислений при малых значениях числа 

Фурье, что способствует исключению ошибки при реализации методов расчета с использо-

ванием «зонального» метода и метода «микропроцессов». 

Ключевые слова: термическая обработка, тепломассоперенос, пластина, цилиндр, сфера, «зональ-
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This paper presents a number of boundary value problems of heat transfer (mass transfer) 
for a plate, a sphere and a cylinder with a uniform initial temperature distribution in dimensionless 
variables. The purpose of this paper is to present the principles of obtaining solutions for boundary 
value problems for more general boundary conditions – the third-kind boundary conditions. When 
applying the Laplace transform and using the Fourier transform, we show in this paper the de-
pendences in the area of images for the bodies of canonical shape: a plate, a cylinder, and a sphere. 
Several solutions in the area of images and complex variables have also been given. It is pointed 
out that the boundary conditions for a plate are common for the problems of heat conduction and 
diffusion. If the Biot number tends towards zero, they change into the second-kind boundary con-
ditions. And if the Biot number tends towards infinity, they change into the conditions of the first 
kind. To solve the boundary value problems of heat and mass transfer in the area of small values 
of Fourier numbers, we have indicated the properties of hyperbolic functions and presented the 
final solutions to inhomogeneous second-order differential equations. The paper presents some 
nomograms of dimensionless body surface temperature depending on the values of the Biot and 
Fourier numbers for specific values of the Biot number  for the surfaces of a plate, sphere and 
cylinder, which allow us, by means of simple geometric operations, to study the functional depend-
ences without cumbersome calculations for small values of the Fourier number, which contributes 
to eliminating errors in implementing the calculation methods using the "zonal" and "micro-pro-
cesses" methods. 

Key words: heat treatment, heat and mass transfer, plate, cylinder, sphere, "zonal" method, "micro-

processes" method, low Fourier numbers 
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INTRODUCTION 

Our paper [1] considers some cases of synthe-

sis of mathematical models of heat and mass transfer 

processes in canonical bodies (plate, cylinder, sphere). 

The issue has been considered with regard to the prob-

lems of thermal conductivity and diffusion in solids. At 

the same time, to simplify calculations (transfor-

mations), we consider some problems with boundary 

conditions of the first kind [2]. 

In this case, the law of change in the transfer 

potential (heat and mass transfer) at the boundary of a 

solid body with its environment is set. 

In [1], expressions for calculating temperature 

fields depending on the thermophysical parameters, as 

well as the fields of mass transfer potentials, are given. 

In the fundamental monograph of Academi-

cian A.V. Lykov and Professor Yu.A. Mikhailov [2], 

the solutions to many problems of thermal conductivity 

and diffusion for bodies of various configurations, in-

cluding canonical bodies, have been provided. In this 

respect, we can note two fundamental points. First, the 

solutions obtained in the form of Fourier series are typ-

ical for problems with uneven initial distributions of 

heat and mass transfer potentials. In the case of uni-

form initial distributions, special cases for uniform in-

itial conditions are easily obtained from the solutions 

previously obtained. However, no solutions for low 

Fourier numbers are given. (Fo, Fom<0,1). 

At the same time, as it has been multiple times 

noted in professional publications [3], the solutions in 

the form of Fourier series have an "unpleasant" feature: 

as the process time decreases, the numerical values of 

the Fourier criteria that characterize the similarity of 

nonstationary heat and mass transfer processes (Fon, 
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Fom) also decrease. This, in turn, leads to an increase 

in the number of members of the infinite series and to 

calculation error accumulation. The principal values of 

these factors are obtained when implementing calcula-

tion methods using the "zonal" method [6-9] and the 

"micro-processes" method [3]. 

METHODS OF THEORETICAL ANALYSIS 

In the dimensionless variables assigned, the 
boundary value problem of heat transfer will take the 
following form: 
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where α is the heat transfer coefficient, 
𝑊

м2∙𝐾
, θ(x,τ) is 

the value of temperature, θc – ambient temperature, 
(К); θ0 – initial material temperature, (К); R – half plate 
thickness, cylinder radius, spheres, (m); λ – thermal 

conductivity of body material, (
𝑊

𝑚∙𝐾
). Boundary condi-

tion (3) is a symmetry condition. 
Note, however, that it can also be 
successfully used to solve prob-
lems of thermal conductivity of a 
plate on a thermally insulated substrate. 

 Accordingly, for mass transfer prob-
lems, by analogy, we can write: 

0,

2
0, ,

( , )
( , ) ; ; ;

m m
m m m m

m c m

x k R x
x Fo Fo Bi x

k RR

    
    

 
 (6) 

where 𝛽 is the mass transfer co-
efficient, m/s; k is the mass con-
ductivity coefficient, m2/s, 
θm(x,τ) is the value of mass con-
tents, θ0,m – mass content of solid phase at the initial 
moment of time, (kg/kg); θc,m – equilibrium mass con-
tent at the interface, (kg/kg). 

 Applying to the system of equations 
(1) – (4) Laplace transformations [10] with respect to 
the time variable Fo [3], we can write: 
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The equation (7) is a linear inhomogeneous 
second-order differential equation [11]. 

The return from the area of images to the area 
of originals is performed by the formula in accordance 
with the second decomposition theorem [11]:  
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Here: 𝜑(𝑠) and 𝜓′(𝑠) are, respectively, the 

functions that appear in the numerator and denomina-

tor (11).  

When solving this equation with boundary con-

ditions (8), (9) and omitting any simple but cumbersome 

transformations, we write down the solution in the im-

age domain with respect to the complex variable s: 
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Here:   0.Д s Bi ch s s sh s      (12) 

Let us pay attention to the fact that the bound-

ary condition (9) is common for the problems of ther-

mal conductivity and diffusion. For Bi → 0, it passes 

into a condition of the second kind, and for Bi → ∞, it 

passes into a condition of the first kind [2]. 

As a result of mathematical transformations 

performed (10), it takes the following final form: 

In the expression obtained, the quantity 𝜇𝑛 de-

fines the set of roots of the characteristic equation: 

nctg n
Bi


     (14) 

Similarly, for the boundary value problem for 

mass transfer, the following expression will be provided: 

In the dimensionless variables assigned, the 

boundary value problem of heat transfer with uniform 

initial temperature distribution in a cylinder will take 

the following form: 
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The boundary conditions for a problem of heat 

transfer with uniform initial temperature distribution in 

a cylinder are similar (8), (9). 
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Accordingly, for mass transfer problems, by 

analogy, the subscript “m” will be added. 
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Again, omitting any cumbersome transfor-

mations, we present down the solution in the image do-

main with respect to the complex variable s: 
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Here: 
0( )I s , 

0( )I sr , 
1( )I s , 

1( )I s  – Bes-

sel functions of the first kind from a purely imaginary 

argument of zero order (a modified Bes-

sel function of the first kind of zero order) 

[12-14]. 

Applying the inverse Laplace 

transform procedure [12] to the obtained 

expression again, we obtain a solution in 

the area of originals for a cylinder: 
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Here: J0(μn), 0( )nJ r  are the usual 

Bessel functions defined in professional publi-

cations, for example [13, 14]. 

Again, we note that the solution of the mass 

transfer problem will be similar. In 

this case, the quantity "m" be-

comes the subscript for the quanti-

ties 𝜇, 𝐵𝑖, 𝐹𝑜. 

In the dimensionless varia-

bles assigned, the boundary value 

problem of heat transfer with uni-

form initial temperature distribution for a sphere will 

take the following form: 
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The boundary conditions for a problem of heat 
transfer with uniform initial temperature distribution 
for a sphere are similar (8), (9). 

Omitting any cumbersome transformations, 
we present down the solution in the image domain with 
respect to the complex variable s: 
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Applying the inverse Laplace transform proce-
dure [12] to the resulting expression, we obtain a solu-
tion in the area of originals for a sphere: 
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SOLUTION FOR THE RANGE OF LOW FOURIER 
NUMBERS 

In order to obtain a solution to the boundary 

value problems of heat and mass transfer for the range 

of low Fourier numbers, it is necessary to use the fol-

lowing properties of hyperbolic functions [15]: 

   1 1 1 1
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As a result, expressions (11), (19), (23) are 

converted to the form: 

- a plate (Fig. 1):  

- a cylinder (Fig. 3): 

- a sphere (Fig. 2): 

The notation applies here: 

( ) ( ) ( ) ( ).A B A B A B     
     

(30)
 

RESULTS AND DISCUSSION 

As previously noted, the solutions to heat con-

duction and diffusion problems for solid bodies, in-

cluding canonical ones, are obtained in the form of 

Fourier series [16-20], which is typical for the condi-

tions with an uneven initial distribution of potentials of 

heat and mass transfer, but no solutions for the range 

of low Fourier numbers are given in appropriate 

sources. However, the shorter is the process time, the 

smaller are the numerical values of the Fourier criteria 

and thus there are more members of the infinite series, 

which leads to calculation error accumulation. 

This paper presents solutions for bodies of ca-

nonical shape – a plate, a cylinder, and a sphere, and 

also it presents some nomograms of dimensionless 

body surface temperature depending on the values of 

the Biot and Fourier numbers for specific values of the 

Bi number. In this case, for simplicity, the calculations 

were performed for the conditions of a uniform initial 

distribution of the transfer potentials. 
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Fig. 1. Change in the dimensionless temperatures of the surface of 

a plate depending on the values of the Biot and Fourier numbers 

at Bi: 1) 20; 2) 10; 3) 5; 4) 2; 5) 1; 6) 0.5; 7) 0.1 

Рис. 1. Изменение безразмерной температуры поверхности 

пластины в зависимости от значений чисел Био и Фурье при 

Bi: 1) 20; 2) 10; 3) 5; 4) 2; 5) 1; 6) 0,5; 7) 0,1 

 

 

The nomograms allow us, using simple geo-

metric operations (e.g., applying a ruler), to study the 

functional dependences of temperature on the surface 

of canonical bodies depending on the values of the Biot 

and Fourier numbers without performing any cumber-

some calculations for low Fourier numbers, which con-

tributes to the elimination of errors in the implementa-

tion of calculation methods using the «zonal» method 

[6-9] and the «micro-processes» method [3]. 

 
Fig. 2. Change in dimensionless temperatures of the surface of a 

ball depending on the Biot and Fourier numbers at Bi: 1) 20; 2) 10; 

3) 5; 4) 2; 5) 1; 6) 0.5; 7) 0.1 

Рис. 2. Изменение безразмерных температур поверхности 

шара в зависимости от чисел Био и Фурье при Bi: 1) 20; 2) 10; 

3) 5; 4) 2; 5) 1; 6) 0,5; 7) 0,1 

 

 
Fig. 3. Change in dimensionless temperature of the surface of a 

cylinder at Bi: 1) 20; 2) 10; 3) 5; 4) 2; 5) 1; 6) 0.5; 7) 0.1 

Рис. 3. Изменение безразмерной температуры поверхности 

цилиндра при Bi: 1) 20; 2) 10; 3) 5; 4) 2; 5) 1; 6) 0,5; 7) 0,1 

Л И Т Е Р А Т У Р А  

1. Федосов С.В., Баканов М.О. Применение метода «микро-

процессов» для моделирования процессов теплопроводно-

сти и диффузии в телах канонической формы. Изв. вузов. 

Химия и химическая технология. 2020. Т. 63. Вып. 10. 

С. 90-95. DOI: 10.6060/ivkkt.20206310.6275. 

2. Лыков А.В., Михайлов Ю.А. Теория тепло- и массопе-

реноса. М.-Л.: Госэнергоиздат. 1963. 535 с. 

3. Федосов С.В. Тепломассоперенос в технологических 

процессах строительной индустрии. Иваново: ИПК 

«ПресСто». 2010. 363 с. 

4. Липин А.А., Небукин В.О., Липин А.Г. Моделирова-

ние процессов тепломассопереноса при капсулировании 

гранул в фонтанирующем слое. Изв. вузов. Химия и хи-

мическая технология. 2018. Т. 61. Вып. 4-5. С. 98-104. 

DOI: 10.6060/tcct.20186104-05.5624. 

5. Овчинников Л.Н., Медведев С.И. Исследование тепло-

массообмена при конвективной сушке гранул органоми-

нерального удобрения в плотном слое. Изв. вузов. Химия 

и химическая технология. 2019. Т. 62. Вып. 6. С. 91-97. 

DOI: 10.6060/ivkkt.20196206.5874. 

6. Рудобашта С.П., Карташов Э.М. Диффузия в химико-

технологических процессах. М.: КолосС. 2013. 478 с. 

R E F E R E N C E S  

1. Fedosov S.V., Bakanov M.O. Application of the "microprocess" 
method for modeling the processes of heat conduction and diffu-
sion in bodies of canonical shape. ChemChemTech. [Izv. Vyssh. 
Uchebn. Zaved. Khim. Khim. Tekhnol.] 2020. V. 63. N 10. 
P. 90-95 (in Russian). DOI: 10.6060/ivkkt.20206310.6275. 

2. Lykov A.V., Mihajlov Yu.A. Heat and mass transfer theory. 
M.-L.: Gosenergoizdat. 1963. 535 p. (in Russian). 

3. Fedosov S.V. Heat and mass transfer in the technological pro-
cesses of the construction industry. Ivanovo: IPK «PresSto». 
2010. 363 p. (in Russian). 

4. Lipin A.A., Nebukin V.O., Lipin A.G. Modeling the processes 
of heat and mass transfer during the encapsulation of granules in 
the flowing layer. ChemChemTech. [Izv. Vyssh. Uchebn. Zaved. 
Khim. Khim. Tekhnol.] 2018. V. 61. N 4-5. P. 98-104 (in Rus-
sian). DOI: 10.6060/tcct.20186104-05.5624.  

5. Ovchinnikov L.N., Medvedev S.I. Study of heat and mass 
transfer during convective drying of organomineral fertilizer 
granules in a dense laye. ChemChemTech. [Izv. Vyssh. Uchebn. 
Zaved. Khim. Khim. Tekhnol.] 2019. V. 62. N 6. P. 91-97 (in 
Russian). DOI: 10.6060/ ivkkt.20196206.5874. 

6. Rudobashta S.P., Kartashov E.M. Diffusion in chemical en-
gineering processes. M.: KolosS. 2013. 478 p. (in Russian). 



 

S.V. Fedosov, M.O. Bakanov 

 

ChemChemTech. 2021. V. 64. N 10  83 

 

 

7. Rudobashta S., Zuev N., Zueva G. Mathematical modeling and 

numerical simulation of seeds drying under oscillating infrared ir-

radiation. Drying Technol. 2014. V. 32. N 11. P. 1352-1359. DOI: 

10.1080/07373937.2014.892508. 

8. Rudobashta S., Zueva G. Drying of seeds through oscillating 

infrared heating. Drying Technol. 2016. V. 34. N 5. P. 505-515. 

DOI: 10.1080/07373937.2015.1060997. 

9. Рудобашта С.П., Зуева Г.А., Дмитриев В.М. Исследова-

ние массопроводных свойств слоя семян. Изв. вузов. Химия 

и химическая технология. 2017. Т. 60. Вып. 7. С. 72-77. DOI: 

10.6060/tcct.2017607.5556. 

10. Кафтанова Ю.В. Специальные функции математиче-

ской физики. Х.: ЧП Издательство «Новое слово». 2009. 

596 с. 

11. Шамин Р.В. Концентрированный курс высшей матема-

тики. М.: URSS. 2017. 398 с. 

12. Карташов Э.М., Кудинов В.А. Аналитические методы 

теории теплопроводности и ее приложений. М.: URSS. 

2018. 1080 с. 

13. Гаврилов В.С., Денисова Н.А., Калинин А.В. Функции 

Бесселя в задачах математической физики. Нижний Нов-

город: Изд-во Нижегор. госун-та. 2014. 40 с. 

14. Холодова С.Е., Перегудин С.И. Специальные функции 

в задачах математической физики. СПб: НИУ ИТМО. 

2012. 72 с. 

15. Мамонтов А.Е. Методы математической физики. Ново-

сибирск: НГПУ. 2016. 129 с. 

16. Fedosov S.V., Bakanov M.O. Modeling of temperature field 

distribution of the foam glass batch in terms of thermal treat-

ment of foam glass. Int. J. Comput. Civil Struct. Eng. 2017. 

V. 13. N 3. P. 112-118. DOI: 10.22337/1524-5845-2017-13-

3-112-118. 

17. Федосов С.В., Баканов М.О. Разработка комплексного 

подхода к математическому моделированию процесса 

термической обработки пеностекольной шихты. Ч.1: Фи-

зические представления о процессе. Вестн. Поволж. гос. 

технологич. ун-та. Сер.: Материалы. Конструкции. Тех-

нологии. 2017. № 2. С. 95-100. 

18. Fedosov S.V., Bakanov M.O., Nikishov S.N. Kinetics 

of structural transformations at pores formation during 

high-temperature treatment of foam glass. Int. J. Com-

put. Civil Struct. Eng. 2018. V. 14. N 2. P. 158-168. DOI: 

10.22337/2587-9618-2018-14-2-158-168. 

19. Fedosov S.V., Bakanov M.O., Nikishov S.N. Study and 

simulation of heat transfer processes during foam glass high 

temperature processing. Int. J. Comput. Civil Struct. Eng. 

2018. V. 14. N 3. P. 153-160. DOI: 10.22337/2587-9618-

2018-14-3-153-160. 

20. Fedosov S.V., Bakanov M.O., Nikishov S.N. Modeling of 

macro-physical parameters of foam glass under exposure of cyclic 

thermal effects. Mater. Sci. Forum. 2019. V. 974. P. 464-470. 

DOI: 10.4028/www.scientific.net/MSF.974.464. 

7. Rudobashta S., Zuev N., Zueva G. Mathematical modeling and 

numerical simulation of seeds drying under oscillating infrared ir-

radiation. Drying Technol. 2014. V. 32. N 11. P. 1352-1359. DOI: 

10.1080/07373937.2014.892508. 

8. Rudobashta S., Zueva G. Drying of seeds through oscillating 

infrared heating. Drying Technol. 2016. V. 34. N 5. P. 505-515. 

DOI: 10.1080/07373937.2015.1060997. 

9. Rudobashta S.P., Zueva G.A., Dmitriev V.M. Study of the 

mass transfer properties of the seed layer ChemChemTech. [Izv. 

Vyssh. Uchebn. Zaved. Khim. Khim. Tekhnol.] 2017. V. 60. N 7. 

P. 72-77 (in Russian). DOI: 10.6060/tcct.2017607.5556.  

10. Kaftanova Yu.V. Special functions of mathematical phys-

ics. Popular science edition. Kh.: CHP Izdatel'stvo «Novoe 

slovo». 2009. 596 p. (in Russian). 

11. Shamin R.V. Concentrated course of higher mathematics. 

М.: URSS. 2017. 398 p. (in Russian). 

12. Kartashov E.M., Kudinov V.A. Analytical methods of the 

theory of heat conduction and its applications. М.: URSS. 

2018. 1080 p. (in Russian). 

13. Gavrilov V.S., Denisova N.A., Kalinin A.V. Bessel func-

tions in problems of mathematical physics. Nizhnij Novgo-

rod: Izd-vo Nizhegorod. Gos.Un-ta. 2014. 40 p. (in Russian). 

14. Kholodova S.E., Peregudin S.I. Special functions in prob-

lems of mathematical physics. SPb: NIU ITMO. 2012. 72 p. 

(in Russian). 

15. Mamontov A.E. Methods of Mathematical Physics. Novosi-

birsk: NGPU. 2016. 129 p. (in Russian). 

16. Fedosov S.V., Bakanov M.O. Modeling of temperature field 

distribution of the foam glass batch in terms of thermal treat-

ment of foam glass. Int. J. Comput. Civil Struct. Eng. 2017. 

V. 13. N 3. P. 112-118. DOI: 10.22337/1524-5845-2017-13-

3-112-118. 

17. Fedosov S. V., Bakanov M. O. Development of an inte-

grated approach to mathematical modeling of the process of 

heat treatment of foam glass batch. Part 1: Physical concepts 

of the process. Vestn. Povolzh. Gos. Tekhnol. Un-ta. Ser.: 

Materialy. Konstrukcii. Tekhnologii. 2017. N 2. P. 95-100 (in 

Russian). 

18. Fedosov S.V., Bakanov M.O., Nikishov S.N. Kinetics of 

structural transformations at pores formation during high-

temperature treatment of foam glass. Int. J. Comput. Civil 

Struct. Eng. 2018. V. 14. N 2. P. 158-168. DOI: 

10.22337/2587-9618-2018-14-2-158-168. 

19. Fedosov S.V., Bakanov M.O., Nikishov S.N. Study and 

simulation of heat transfer processes during foam glass high 

temperature processing. Int. J. Comput. Civil Struct. Eng. 

2018. V. 14. N 3. P. 153-160. DOI: 10.22337/2587-9618-

2018-14-3-153-160. 

20. Fedosov S.V., Bakanov M.O., Nikishov S.N. Modeling of 

macro-physical parameters of foam glass under exposure of cyclic 

thermal effects. Mater. Sci. Forum. 2019. V. 974. P. 464-470. 

DOI: 10.4028/www.scientific.net/MSF.974.464. 

 
 

Поступила в редакцию 24.02.2021 
Принята к опубликованию 17.08.2021 
 
Received 24.02.2021 
Accepted 17.08.2021 


